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Abstract 

The gauge fixing dependence of the one-loop effective action of 
quantum gravity in the proper-time representation is investigated for 
a space of arbitrary curvature, and the investigation is extended to 
Maxwell-Einstein theory. The construction of Vilkovisky and DeWitt 
for removal of this depence is then considered in general gauges, and 
it is shown that nontrivial criteria arising from a Ward identity of 
the theory must be obeyed by the regularization scheme, if the con- 
struction is to remove the gauge dependence of quadratic and quartic 
divergences. The results apply also to non-Abelian gauge theories; 
they are used to address the question of gauge dependence of asymp- 
totic freedom arising through internal graviton lines at one-loop order 
as suggested by Robinson and Wilczek. 
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1 Introduction 



In an influential paper, Robinson and Wilczek [T] suggested the possibility 
of asymptotic freedom arising in a gauge theory, considered an effective field 
theory in the sense of Weinberg [2] and Donoghue |3] , through the quadratic 
divergences of one-loop Feynman integrals involving internal graviton lines. 
It was subsequently pointed out by Pietrykowski [4] that the effect is gauge 
dependent and that it vanishes in a class of gauges. This was later confirmed 
in [5] . The topic has recently generated much active interest and controversy 
in the litterature [S]. 

The results in were based on fiat-space calculations, which means 

that the background gravitational field is not a solution of the Einstein 
equation, and this in its turn leads to a gauge- dependent result, since off- 
shell quantities in a quantum field theory depend on the gauge. A gauge- 
independent construction of the off-shell effective action was developed by 
Vilkovisky [7] and extended by DeWitt [H] (we shall for brevity refer to this 
method below as the Vilkovisky construction). Their method was recently 
applied in connection with the problem treated in [l]-[6] by Toms [9] us- 
ing the Schwinger-DeWitt proper-time representation of the effective action 
[TU] . [TT] and by He, Wang and Xianyu [12] and Tang and Wu [13], using 
momentum space integration. They all obtain different numerical results. 

The scope of the present investigation is threefold: 

• The problem of [Ij is considered in a space with arbitrary curvature 
by means of the Schwinger-De Witt proper-time representation of the 
effective action of the gravitational field in arbitrary gauges; thus the 
Einstein equation for the background metric may be applied, formally 
eliminating the gauge dependence of the effective action, and also the 
consequences in general of having a background metric that is not a 
solution of the Einstein equation can be found. 

• The Vilkovisky construction is investigated in detail on the one-loop 
level in general gauges rather than the so-called Landau-DeWitt gauge 
[Ti] to which most previous investigations have been restricted. It 
is found that gauge independence of the one-loop effective action is a 
consequence of a certain Ward identity, and the Vilkovisky construction 
can thus only be applied in connection with regularization schemes 
where this Ward identity is not violated. 

• This method is then applied to the Maxwell-Einstein system, and it is 
found that its one-loop effective action is made gauge-invariant off-shell 
at second order in the gravitational coupling n by the Vilkovisky con- 
struction of pure quantum gravity, whereas the version of the Landau- 
DeWitt gauge used in [9], [12] and [13] is relevant for the off-shell 
effective action at fourth order in k. 

Because the topic has generated so much controversy a rather detailed expo- 
sition has been used. Only coupled Maxwell-Einstein fields are considered. 
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but the conclusions carry over almost verbatim to non-Abelian gauge fields 
coupled to gravity. 

The layout of this article is the following: In sec. 2 we consider a gen- 
eral gauge theory and carry out the Vilkovisky construction in the one-loop 
approximation, showing how a general Ward identity is formally valid and 
implies through a partial cancellation of the gauge field and ghost contri- 
bution that the effective action is independent of the gauge condition. In 
sec. 3 we consider the one-loop effective action of pure quantum gravity in 
an arbitrary background metric and in a class of gauges more general than 
the Feynman gauge, showing that the Schwinger-DeWitt proper time rep- 
resentation can be used also in this case, and that the gravitational heat 
kernel obeys a Ward identity that determines the gauge dependence of the 
effective action in the case where the background metric is not a solution of 
the Einstein equation. The Vilkovisky construction is also carried out in this 
case and shown not to eliminate the gauge dependence of all quadratically 
divergent terms. In sec. 4 the Maxwell-Einstein system is considered, and 
it is found that the considerations on the gauge dependence of the effective 
action obtained in sec. 3 carry over to this case also, with the replacement 
gfj-i^ gtJ-i' _ 7"/^*^^ where Q^'^ is the Einstein tensor and T^'^ the energy- 
momentum tensor of the background gauge field. Also a class of generalized 
gauges is introduced involving the background gauge field and field strength, 
following P, [12] and [13], and it is proven that the contribution at second 
order in the gravitational coupling k formally vanishes by the Ward identities 
of the theory when the ghost contributions are taken into account, but that 
this is upset by quadratic divergences with proper time regularization. We 
also apply the Vilkovisky construction to this case, verifying in detail how 
it removes the gauge parameter dependence of the induced action. Finally 
sec. 5 contains evaluation of the effective action either by momentum-space 
integration or by the proper-time method. Appendix A gives technical de- 
tails on proper-time regularization while Appendix B contains the outline of 
the Vilkovisky construction of Maxwell-Einstein theory in next-lowest order 
in K. 

The following conventions have been used: The metric in Minkowski space 
is rj^i, = ( — h ++), and the sign of the Riemann tensor is chosen such that 
the Hilbert action is: 

SH = ^j d'xy/^R (1) 

where k = VSttG is the gravitational coupling constant, with G denoting 
Newton's constant. 
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2 General gauge theory 

The effective action r[0] of a field tlieory witli classical action S[ip] is given 
by the path integral through: 

= I [p^] eMn^W - + s[^]). (2) 

We use the condensed notation of DeWitt [11], where the label of the back- 
ground field (p and the integration variable f indicates both space-time vari- 
able, tensor indices and group indices. From follows in the one-loop 
approximation: 

r[0]^5[0]-|TrlogA[0]. (3) 

The propagator A[0]*'^ is defined by: 

A[4>fS[cPUi=5'i. (4) 

Vilkovisky [7J and De Witt |8] use in (|2]) instead of the difference between 
the background field (j) and the integration variable ip the geodesic interval 
in field space, given a suitable metric tensor in field space, and this leads in 
([2]) to the replacement: 

_ ^ _ / _ ir^„[0](0' - + (5) 

with T'^im components of a connection in field space. Then ([3]) becomes: 

m ^ S[c^] - '-Ti log A[c/>] - '-S[<PUr"^um[<Pf + ■■■■ (6) 
Gauge transformations are: 

5(j)' = R\[(P]6X'' (7) 

with an infinitesimal parameter, and where the gauge invariance of the 
classical action is expressed by: 

S[<PIR\[<P] = 0. (8) 

From ([H]) follows: 

R\[<|>]S[(j)],^J + S[<j)],,R\[ct)],, = (9) 

so S[(j)]^ij is degenerate and not invertible on the mass shell, where S[(f)]^i = 0. 
The gauge transformation generators R^a[(p] fulfill the structure relations: 

R\,jR^ 13 — R^l3,jR^ a = C' apR^ (10) 

where c' are generalized structure constants . 
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Gauge conditions are x° [0] that are taken linear in 0, and the degeneracy 
of S[(j)\^ij is hfted by substituting: 

S[(t>U^S[ct>li,+x'',CapX^j (11) 

with Cap a constant, symmetric matrix, and ([6]) is in a gauge theory replaced 
by: 

r[0] ^ - ^TrlogA[0] +2Trlogg-i - ^5[</>],f\,[</>] A[0]"= (12) 

with terms containing more than one power of j disregarded and with: 

Q"/3 = detQ"^ ^ (13) 

where the new connection coefficients T^ki were constructed by Vilkovisky 
[7]. After gauge breaking ([9]) is replaced by: 

RMS[4>h, + S[(t)liR\[4>lj = Q^aCp^x\r (14) 
Multiplying this relation by {Q^^)^^^[(j)\^^ one obtains the Ward identity 

m- 

CapX^AW = {Q-yc.{R%[4>\ + S[ct>\,Rp,^^^[ct>\). (15) 

We introduce the operator: 

Nap = R\ii,Wp (16) 

with the inverse A^"^. Here is the metric in field space, with the inverse 
metric We also define the projection operators: 

= 7mn - lmiR\N''^R%Jkn (17) 

with: 

R"'aT^n.n = 0. (18) 

The connection in field space after gauge fixing T^mn is according to 
Vilkovisky [7j given by: 

r mn — r ran 'ImkR a-N TD^iR p ^^]^R ^N D^R p 

+^-fmiR\N''^iWsVjR\ + R\V,Rs)N'^R''pikn (19) 
with the covariant derivative defined through: 

T-^nR a R a,n ~l~ T j^inR Cf (^0) 

and with V^mn the Christoffel connection components in field space before 
gauge fixing. The following form of f lT9|) turns out to be convenient: 

-in-„fl-„..iv-«'=,,.„ - in'„is^..iv-«'=,,.„. (21) 
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The last term of fll2p . using the modified connection fl2ip . becomes: 

- ^5[0],,A[0]"™(r%,n^^n\ - r^^uN'^^ r'' pikn. - u\r^ ^^^n'^^ R^^k. 

(22) 

Picking a gauge where the propagator is restricted by the equation: 

i?^7fenA[0]"™ = (23) 
(the Landau-De Witt gauge) this expression reduces to: 

- ^5[0],,A[<^]"™F^„. (24) 

It is next verified that the gauge dependence of (fT2|) has been ehminated 
by addition of the last term. Gauge dependence occurs through the gauge 
fixing function and also through the matrix elements Cq^, but it is suffi- 
cient to consider variation of x", since the arbitrariness connected to Cq,^ can 
be absorbed in the gauge fixing function. 

From f|T2l) one finds: 

^ ' -'-T:T\ogA[<j)])=tc^pX^,,A'^[cP]. (25) 



Assuming here and henceforth that the Ward identity f[T^ can be applied 
one gets from (l25!l : 

^ -^Trlog A[(/>]) = liQ-y^iR's + S[(l)lkR'5A[<l>f)- (26) 



where in (1261) the first term on the right-hand is cancelled by the ghost term 
derivative: 

-^(zTrlogg-i) = -t{Q-y^W,. (27) 
"X ,j 

(this could be upset by the regularization scheme). Also we find: 
6 



a 



by the Ward identity ( IT5|) and where terms involving S[(f)]^k were disregarded, 
and thus we get from (122!) after some manipulations and using (fT6|) and (fTS!) 
and also the structure relations (ITU]) and the gauge invariance of the classical 
action: 

^ ■ '5[0],„f'"fc;[(/<o]A[</']'')=^-^^[0],fci?^,nA[<^o]"^'(Q~')^a. (29) 
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The sum of fl26|) . fl27|l and fl29l) vanishes (the partial cancellation between 
fl27|) and f l29|) could again be upset by the regularization scheme). 

In summary, it was verified that the Vilkovisky construction as expected 
formally removes the gauge parameter dependence of the effective action at 
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one-loop order. In the course of this proof, conditions for the regulariza- 
tion scheme to be used were obtained: It should not upset the cancellation 
between ( 126!) . (127|) and (129!) . It will be found in the following sections for 
the cases of quantum gravity and the Einstein-Maxwell system that these 
requirements are nontrivial and indeed are violated by quartic and quadratic 
divergences in the Schwinger-DeWitt proper time representation of the effec- 
tive action with a lower cut-off in the proper time variable. 

3 Pure quantum gravity in the one-loop ap- 
proximation 

In this section we investigate the gauge parameter dependence of the one- 
loop effective action of pure quantum gravity with an arbitrary background 
metric, using the Schwinger-DeWitt proper time representation. The one- 
loop effective action in a general field theory is determined from ([2]), dS]) or 
f lT2|) . where in the proper time representation: 



where r is the proper time, with a corresponding expression for the ghost con- 
tribution iTrlogQ"^. This method is convenient because of the Campbell- 
Baker-Hausdorff identity: 



with A an arbitrary operator and 6 A an infinitesimal variation that does not 
commute with A; this identity is convenient for a perturbative expansion of 
the effective action. fISUl) is an exact but possibly divergent representation of 
the effective action, where a regularization is achieved by a modification of 
the proper time integral at the lower end. 
The metric tensor g^^ is split according to: 



with gf^jy a classical background metric field, while /i^i/ is the quantum fluc- 
tuation field. A coordinate transformation implies for h^^: 



h^u h^u + ^m;- + + + huX^^■,^. + ^^h^u;x) + 0{k^). (33) 



Here and elsewhere, covariant derivative is indicated by a semicolon, and 
if the covariant derivative is with respect to a variable x', then the index 
following the semicolon carries a prime, etc.. The Hilbert action ([1]) has the 
linear term in h^u'- 




(30) 




(31) 



(32) 




(34) 
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with Q^^^ = R'^'^ — ^g^'^R the Einstein tensor of the background metric, 
where R^'^ the Ricci tensor and R = g^i,R^^ the curvature scalar, and also 
the following quadratic term in h^u'- 

Sh = \j d'x^(^ - ^/i^e^^^v + h%g''h^, + R'-'h^h^, - h^R^ph 

In order to quantize the gravitational field one adds to f l35|) a gauge breaking 
term: 

Sgb = -\- I d'x^g{h,,-r -lg'"'K.;,)g^^iKx;' - J^^'^/^Ap;.) (36) 
Z a J I I 

where the gauge parameter a for simplicity is taken positive. The gauge 
breaking term fl36|) necessitates the Faddeev-Popov ghost action: 



Spp = ^l d^x^ge{i^;ur + R^uC) + 0{k). (37) 
V " J 

Here the factor in front, which usually is disregarded, is of crucial impor- 
tance for the analysis of quadratic divergences. 

The one- loop effective action of quantum gravity is by fISUl) . disregarding 
for a moment the ghost contribution: 

= --y^ —J d'x{-h%.,P-'{x,x;T) - -h\^/{x,x-T)) (38) 

where the heat kernelQ h^y^^ij^i{x, x'\ r) is determined by the differential equa- 
tion according to fl35l) - fl3Bl) : 

d 1 

—2R fjiu^'hy^p^^i^i^x, X ; r) 

= (39) 
with the boundary condition: 

0) = idpi'dur,' + fl'i.efi'M'?' ~ 9pu9('v')^{x, x') (40) 

and where: 

^X,,^P = R^^g^P + (7^,^;"^ - S,^g/ - 6,^g/ + 2R^ p. (41) 



^It is somewhat misleading to refer to this quantity as a heat kernel; this requires the 
proper time variable r to be imaginary whereas it is assumed real here. However, we shall 
continue to use this name for simplicity. 
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The ghost contribution to the effective action is by fl37|l : 

rS = W - / ^; — ^) (42) 







with: 



d 

+ ^gh,M,5'(a;,a;V);<7;'' + ^/.''V,'^,e'(3^5a;';T) = (43) 

and: 

^gh,A(,€'(2^)a;'; 0) = g^i^i^{x,x). (44) 
This heat kernel fulfills the following important relation: 

VxK^^)^;'; Ti + r2) = / d'^x"hgh,,,''" {x.x";Ti)hgh^a"e{x",x';T2). (45) 



by (l37j) . An analogous relation holds for the graviton heat kernel. 

One should notice the square root of the gauge parameter a in fH21) . For- 
mally this dependence on a can be removed by a rescaling of the integration 
variable r. When a lower cut-off is introduced in the integral, however, the 
quartic and quadratic divergences will depend on a. 

The dependence of the heat kernel h'^^^^in'{x, x'\ r) on the gauge parameter 
a is next determined. First it is shown that the heat kernel obeys a Ward 
identity. From (15^ follows: 

+hh%M^,^';r);' - ^/i7,5v(x,x';r)^'^)^.- 

= -6;"''(2/it,e,'(a^' ^);P - htpM^, x'; r),,) (46) 
with the solution: 

= -^gh,i/,r,'(a;, x'; -r).^/ - /igh,,.,5'(x, x'; -r).^/ 
a a 

+iT j d^x" rft/igh,."''(2:.x'';itr)e;"''^''(x'0(2/iS.v^c'^'(^'',^';(l-^)r);5'' 
-/i°„5„,e,'(x",x';(l-t)T);^.). (47) 
From (139|) also follows a differential equation for the function a^/i°j^^,^,(x, x'; r) 

1 (9 ^ ^ 

-(1 - -)i^-Q^h'^x,^,^'ix,x']'r)-,^,u + a-^Kx,^,^'{x,x']r).^,^ 



This equation is solved in the same way as fl46l) : the result is: 
d 

-L . I ,A II I , . / , ^, / II . \ \" J- 



{K„^ii^^.^i{x'\x'- (1 - t)T),'^" - hi'^^i/'Mx'^x'- (1 - t)r)^^.)- (49) 

Using here (H7|) and disregarding the second term on the right-hand side one 
gets approximately: 

c^TrKvev'i.^^^''^^) ^'^ / d'^^" I dt{hghf,pi'{x,x";t-T).,y + hgi„yp,i{x,x";t-T).f,g 

oa ^ ' ct J Jo OL a 



""""fx"! 



{K"."M^"^ x'; (1 - t)r),^" - hiZ,/'Mx\ x'- (1 - t)T),^.). (50) 
Using again (H71) and also (H5l) one gets a further approximation: 

^ 11 1 

Combining fHOl) with fl38|) and the relation analogous to fH5|) for the gravi- 
ton heat kernel the dependence of the effective action of the gauge parameter 
a can be found: 

(9 1 1 r 1 

«^rW = --j^ dr j rfW^>^,,^,,,(x,a;';r)r;^' - -/^^ .€v(^, ^V);.;^' 

-\h%/\^^^'-^^)^;n' + ^/^rc'^'(^'^"^);-;.')- (52) 

By means of fj47|) one gets from fl52l) two terms that correspond precisely to 
the two terms of fl26l) : 



da 



i = \- I dr [ d'^xg^'''{-hgh^f,^n'{x,x'; -t).^i.^' - /igh,/,,5'(x, x'; -t).^';^' 
Za Jq J a a 

a 

1 r I f°° d 1 
= -i J d^xg^''' J dT—hgi,^p^^'{x,x;-T) (53) 

where f H3|) was used in the last step, and: 

Q-ArW il /" ^^4^ /" [ Tdr [ dtK^^''''(x,x';t-T)g'''^'(x') 
da ^' aj J Jo Jo ' a 

{K,^,,,,{x', x; (1 - t)T),s'"' - hZi^,/{x', x; (1 - t)T),s';, 
-liK'S',,uix\x; (1 - t)T)y^^ - hZis^/ix'^x; (1 - t)r);<,.^)). (54) 
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f l53p is an integral of a total derivative and formally vanishes. It is con- 
sidered in connection with the ghost contribution to the effective action ( 142|) 
from which one finds: 

\ f 1 

"^r^^jj = / c/^'x / dr—hgi,^i,^{x,x);^T) (55) 



'da 2 J Jq dr - V" 

that has the same form as fl53|) , with a sign change and a different dependence 
on a. It would cancel with f l53|) by a rescaling of the the proper time variable 
T. Indeed, it is an example of the partial cancellation between the general 
expressions ( l26l) and (1271) . However, a careful examination of the quartic and 
quadratic divergences is necessary here. Using fll48p and (11491) one gets from 

«7rrlr/ - oTTT^ / d^^V^i T- + oR—) \r^0 (56) 



da 2 167r2 J ^ 3 r 

where a conventional cut-off A can be introduced by the substitution 

T ~ -z-^. (57) 

From fl55l) one gets: 

•9 T^fii 11 /" ,4 / — / 4a 5 „ZA/a\ i 

that does not cancel with ( l56l) at general a. 

The expression ( 15^ is also quadratically divergent, and its divergent part 
is determined by first using the Ward identity (HTl) . disregarding the second 
term on the right hand side, and also the relation (145|) : 



da 



(59) 



a .1 Jq a 



By means of (1152^ one then obtains from (|59l) : 

d ^[1] „ o z 1 



"a^^^'^^ " -^"16^7 / rf^xv/^i?. (60) 



The gauge dependence of the one-loop effective action of pure gravity (l38i) 
is contained in the expressions ( l53l) . which is formally cancelled by the ghost 
contribution ( 155|) . as well as in (15^ that vanishes in an Einstein-flat space- 
time with Q'^'^ = and where the gauge parameter dependence is expected 
to be formally removed by the Vilkovisky construction. In the presence of 
matter fields we expect that the gauge dependent part of the effective action 
still contains (El]), with the replacement Q^"" Q^"" - T^" , where T^" is the 
energy-momentum tensor of the background matter field. 

We then work out the details of the Vilkovisky construction in quantum 
gravity. This topic has previously been considered in |15], [IB]. We here use 
the proper-time representation of the effective action, such that the formal 
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cancellation of f l29p with f l26p and fl27p can be investigated on the regularized 
level in this case. 

When the effective action is extended by Vilkovisky and De Witt's method 
to field configurations where the background field equations are not valid, new 
terms are introduced in quantum gravity by (122]) . with: 

S,h,. = --Q^r (61) 
In quantum gravity the field metric can be chosen as: 



GHu^),H,,,i.') = jV^ig''' g-"'' + g^'^'g'"' - g^''g^'''){x)5{x,x'). (62) 



1 

1 

For gravitational fluctuations h^y the transformation (l33l) determines by 
means of ffT6l) and fl43l): 



N^P ^ Ar?MWC'(^') = ia'' / dT^^h^^^^y,{x,x'- a^T)-^= (63) 

Jo v^g ' y—g' 



with k so far unspecified. 

Using also ( 133|) one now finds: 



^2 



p p POO p1 

^~ia^ / d^x / dV / rrfr / V"'(x, x'; to*^^)^'''^'(a;') 



{hZ,^,,,A^',x- (1 - t)r);5'^'' - hz,^,/{x',x- (1 - t)r);5,;^ 

(1 - i)^);..'^'^ - \k>s'/{^\ (1 - t)r);<,,;^)) (64) 

where the graviton propagator is: 

/■°° 1 1 



f l64|) vanishes in the Landau-DeWitt gauge (the limit a = 0) by the Ward 
identity f H7|) . where only the first hand on the right-hand side is kept. Re- 
quiring that flM]) cancels with f lM|) fixes A; at —1; at other values of k there 
is formally still cancellation as seen by introducing ti = tr, T2 = (1 — t)r 
and performing a rescaling of Ti. However, this argument is upset by the 
quadratic divergences of the two expressions. Evaluating the quadratic di- 
vergence of (I64p at general k in the same way as (l6Up by means of (I45p one 
finds: 

1 .l-a^'^'+'^l , /■ ,4 ^ 

r^" 1^-0 / d x^/-gR (66) 



167r2 1 — a'^+i r 
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that only cancels fl60l) at k = —1, showing that the requirement that 
cancels with (15^ also for quadratic divergences is a nontrivial one. 
The Christoffel connection in field space is: 

rhau^i'-^), , , , , , 

-s^..)^^'^9''' + 9^''^^^'^ 9.. - \9^''9^'9..) {y)K^, y)Ky. ^) (67) 

with: 

= ^(5/5." + g^^""^^^"^ = lig^'g"' + g^'g"')- (68) 

From ( l63l) follows that the projection operator n™'„ defined in (JT71) in this 
case is: 

n'"„^n^-(^),,^(,) = <5(,.)(^'')5(x,2/) 
1 1,^ 



(69) 

where the ghost propagator is: 

1 f°° 1 ,11 

< ^t.{x)CAy) >= ^ dT^^h^Y.,^^^,{x,x]-T) — - ■ (70) 
yOLjQ v~9 y—g 

Applying this projection operator upon the graviton propagator one obtains 
the graviton propagator in the Landau-DeWitt gauge. From (1221) one gets 
by dSZD: 

-^5[0o],n^^"^H[0o]^^A[0o]^^^^ 

-> i y d^x^g^^ix) < h^u{x)hxpix) > 
+g^'''^'^''^g.. - Ig^'g^'g^J) 

with the graviton propagator in the Landau-DeWitt gauge. This expres- 
sion has no quadratic divergence in four dimensions by (11531) . There is no 
contribution to the effective action in this case from the final term in fl22l) . 

4 The Maxwell-Einstein system 

4.1 Maxwell field in a curved background 

The Maxwell field has the action: 

Sm = J d'^xV^g'^'^g^'i-^F^^Fxp); F^, = d^A, - d,A^. (72) 
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Here can be considered a covariant vector with the following transforma- 
tion rule under infinitesimal coordinate transformations: 

6A^ = Kie■,^.A, + eA,.,x) + OiK^). (73) 

fl72]) gets by the splitting f l5^ the additional term: 

Sm=IJ d^x^gh.^T^'' (74) 
where the energy-momentum tensor T^^ is: 

r/^- = 'l.{F^^F\ - -^g^^'^F^'^F^p). (75) 
At second order in k one gets from (1721) : 

j d'x^gKrK/-g^^{F\F^^ - -^g^'^ F^^ F,,) + l^-^^F^^F^, 
+ - If^^F^'^ - ^^'^'^F'aF^^). (76) 

The gauge breaking action of the Maxwell field is: 

^M,GB = j d'x^g{-\-^{A,ff) (77) 
with the gauge parameter /3 > 0, and the corresponding ghost action: 

5m,fp = ^ / d*x^-c{c,^ +«:(?' ;m^a + eA,,x));^ (78) 

with c a scalar ghost and c the corresponding antighost. 
The photon heat kernel h^^,{x, x'\ r) is defined by: 

d 

~R,''hl^^,{x,x'-r) - (1 - ^)hl^^,{x,x'-Ty,^ = (79) 

where the boundary condition is: 

/ij^^g,(x, x'; 0) = g^,^'S{x, x'). (80) 
Also the scalar heat kernel h{x, x'; r) is defined by: 

i—h{x, X \ t) + h{x, X \ t)\^ f = 0; /i(x, x; 0) = 5{x, x ). (81) 



From (!79l) follows: 



z— /i2^j,(x, x'- T)f - " = (82) 
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the solution of which is the following Ward identity: 

hl^^,{x,x';T)f=-h{x,x';^T),^, (83) 

obtained by comparison of flHTl) and fl82l) and by taking the boundary condi- 
tions into account. Also fl83|) combined with flHT]) imply: 

h^^^^,{x,x';T) = hfj_^^/{x,x';T) - i j~ dT'h{x,x';T').^.^i (84) 

where /i^^g'(x, x'; r) is the heat kernel for /3 = 1. 

The Maxwell field one-loop action in an arbitrary curved background is: 

^M = \j^^ j d'xhl^^{x,x-T) (85) 

with the gauge dependence according to ( |8^ : 

d 1 d 1 

^df'^ = 2'l dr-h{x,x;-r). (86) 

Also, the ghost action is here: 



r};^ = -J d'xhix^x); -^t) (87) 
with: 

/3^rW,h = y / rfr-Ma:,x); -^r) (88) 

that formally cancels with (186|1 by a rescaling of r but where the cancellation 
is upset by divergent terms. The determination of these divergent terms is 
carried out by ( 11481) and fll5UI) in the same way as for ( 15^ and (1551) , and one 
gets from (ISBj) : 



and from ( 188|) : 

that do not cancel at general values of f3. 



4.2 Gauge dependence at order of Maxwell-Einstein 
theory 

In the Maxwell action Sm a background field Afj_ is introduced, with the 
corresponding field strength J^^j, = dfj,Au — d^A^, with: 

= (91) 
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and the field is split according to: 

A^^A^ + A^ (92) 
with An still the quantum field. The two-point correlation function is: 

<Anix)Ayix')>= / dT^^hf'^yix,x';T)^^. (93) 
Jo v~9 V^d 

The identity f l3T|) makes it straightforward to carry out a perturbation 
expansion of the effective action in the proper-time representation. At second 
order in n there is a two-point function term by fTMj) : 

^EM,i = -^^'^ j j di^x j rdr J dth'^^^^,^,{x,x';tT){h'^pg,{x,x';{l - t)T).x;y 

-/l^y(x,x'; (1 - t)r).X;5' - h{^,{x,X\ (1 - t)T).p.a' + /l^y(x,x'; (1 - t)T).p.5,) 

This expression has a quadratic divergence at a = 1 by fll54p : 

r^L,. ^ -^1^7 1-0 j d'x^jT^^T,Ax). (95) 
Also there is to this order a tadpole term by fl76l) : 

iu o 4 z 

with the quadratically divergent part at a = 1 by (11531) : 

TeL,// ^ \-^\ 1-0 j d'x^^jT^^T,^. (97) 

( 194|) does not depend on the gauge parameter /3, and the dependence on 
a is in the lowest approximation found from ( 150|) : 

a— r^jy[y^~ /" d^x [ d^x [ d'^x" I T^dr [ dtdudvS{l — t — u — v) 

oa ' 2a J J J Jq Jq 

hghi,v"{x, x"; t-T)g''"'^" {x"){h"„^„^^,^,{x" , x'; UT)f' - -/i"„'^''^Y(a;", x'; ut).^») 
{h^pg,{x,x';vT).x;^.y - h'^pyix,x';vT).x;^.s' - h{g,{x,x';vT).p.^.^> + h1y{x,x';vT).p.^.s') 
7^P{x){7^'^'g'^'^' - ^g^'"y^'^'){x'). (98) 

Using ( 1791) in connection with: 

hxp'{x,x';T).^.p.c,' -hxc'{x,x';T).^.p.fi> = 0, (99) 
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following from f l83p . one gets from fl98p two terms: 

a-— rljL r — i- — ZK^ [ d^x f d'^x' [ d'^x" f dT-—T^ f dtdudv5(l — t — u — v) 
da ^^'^ 2a J J J Jo dr Jo ^ ' 

hghi,v"{x, x"; t-T)g''"'^" {x"){h"„^„^^,^,{x" , x'; ut).^" - -/i°„'^''gY(a;", x'; ur).^») 
{h%,{x,x'-vr),,. - h^^,{x,x'-VT),s'):F^^{x){7^'''g^'^' - (100) 

and also, using the Bianchi identity and the field equation of the background 
gauge field: 

aT^r^L,— i- in^ [ d^x [ d^x' [ rdr [ dth„Yiav'{.x^x' ]t—T).^g'" ^ {x') 

oa ' 2a J J Jq Jo " ' 



a 



iK,^,^^^{x',x; (1 - t)r);'^' - hy[^,,,{x',x; (1 - t)r),^,) 
11/"/"/"°°/"^ 1 



-in d X d x' rdr / dth„iinv'{x,x';t—T)g^'^ (x) 
4:0! J J Jo Jo a 

{K,^,^^^{x',x; (1 - t)T).,'^' - hiy\^,,>{x\x- (1 - t)T),^>) 

{jriP:F\ - ^/''^^VpA);^^). (101) 

Turning to fl96|) one gets by f l50|) : 

a— r^jy[jj'~ iK^ I d'^xd'^x / Tfir / dthg^^i^^ {x,x ^t—T).^ 

da ' a J Jo Jo ' « ' 

(/i«,,, ^,(x', x; (1 - t)r);'^' - hy[^,ix', X- (1 - t)r)y) 

4 4 o 4 z 

-^^?"^-^"a-^'" - ^^7^«-F^^^^)(x) (102) 

and adding (110 ip and (I102p to (JM]) one finally gets: 

a^rW^z- /" c/^x /" rfV /""rrfr l\tK^>'''' ix^x'-t-rMQ^'^' -T^'^'Mx') 
da aj J Jo Jo ^ a 

(1 - - -K,^,/{x\x] (i - t)r);5/;^ 
-\{K'5'A^'. ^; (1 - i)^);<x'^^ - \K'8'/{^'. ^; (1 - (103) 

with T'^'^ the background gauge field energy-momentum tensor, i. e. the 
Einstein tensor Q^'^ in fl5^ gets the additional term — J''^'^ when the gravita- 
tional field is coupled to an Abelian gauge field. It has been verified that this 
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conclusion also holds for a non-Abelian gauge field, but the proof is not in- 
cluded in this article. The quadratic divergence of f llOSp is still given by ( 160!) 
because the trace of the Maxwell field energy-momentum tensor vanishes in 
four dimensions. 

Finding the quadratic divergence of fllOOl) one uses the Ward identity fH7|) , 
keeping only the first time on the right hand side, in connection with fH^ . 
obtaining by a partial integration: 

iK^ [ d^x [ d^x I dr-^T^ [ tdth„iia£'(x, x';t—T) 

2 a i J Jo dr Jo ^ a 

{h%{.X, X] (1 - t)r).y.^/ - /i^y (X, X] (1 - t)T).s>.r,') 

J^^'\x){F^'^' g"'-'' + r''^'g^'^' - \g^'''y^'^'){x). (104) 
fll04p is evaluated by fllSSp and contains the quadratic divergence: 

3 2 1 , 2 f M 



- 8«Y^- \r^o J d^xy^T^^'T^^ix). (105) 

Inserting ( llOSp in f llOOD . integrating and adding fl^ and (PTp one obtains: 

- + I-^o J d^x^gj^^'^^.^ix) (106) 

in agreement with Toms [9] when the proper time r is converted to a temper- 
ature T by taking it imaginary. However, it should be kept in mind that the 
expression f llOOp . which is responsible for the gauge parameter dependence of 
f ll06p . contains a total derivative in the proper time integral and thus should 
be disregarded formally. 

4.3 Vilkovisky's construction in Maxwell-Einstein the- 
ory 

In Maxwell-Einstein theory (l^Tj) is replaced by: 

In (Elj) and ( 17Ti) one thus has to carry out the replacement Q^'^ — )■ Q^" — T^^ 
and adding flMl) after this replacement to f llOSp with the parameter k fixed 
at —1 one removes the dependence on the gauge parameter a. Thus the 
Vilkovisky construction of quantum gravity is sufficient to remove the gauge 
dependence also of the full Einstein-Maxwell system in lowest order, without 
additional modifications. The vanishing of the quadratic divergence of ( |7T]) 
persists after the replacement, and the gauge parameter dependence of fll06p 
is not eliminated through the Vilkovisky construction. 
For the Maxwell field one has: 

i?^-(--),(,)~5(x,y),^, (108) 
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and the field metric is: 



(109) 



The projection operator W^n corresponding to the Maxwell field is in lowest 
order, cp. ( I69ll : 



(110) 

with the ghost propagator expressed in terms of the scalar heat kernel defined 
in dHU): 



< c(x)c(x')) >= 



This operator projects from the photon propagator in an arbitrary gauge the 
transverse photon propagator. From (1721) and (177|) follows for the two-point 
function: 

< F,,;\x)A^ix') >= z^Ln,^,(x,x')r4=?- (112) 



'-9 



The Christoffel connection components are: 

r^-(^^A,(,)A.(.) = n\.u.)^'''^S{x,y)6{y,z). (113) 
From fl22l) one thus gets the connection coupling term in the effective action: 
1 



d''x^/^{g^'' - r'"'){x) < A^{x)A,{x) > 



(114) 



with a transverse photon propagator, and with the quadratic divergence: 

3 i 1 . 



2 167r2 r 



\t~0 



d x^J—gR 



(115) 



with R the scalar curvature and with no contribution from the background 
gauge field. 

4.4 General gauge fixing 

The gauge breaking action f l36|) can be generalized to: 

1 1 



with: 



Sgb = "2 a ' ^ ^'^/^9'"'Xf,Xu 



(116) 



;il7) 



where oji and U2 are new gauge parameters. This gives rise to new couplings: 
-^kJ d^xy/^g^^ih^y,^ -^h\,,){uiA,A^.,, + u^Tp^AP) (118) 
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and: 



2 a J 

The corresponding ghost action replacing (1S7|) and (175]) is, keeping only terms 
relevant at one-loop order: 

Spp = ^j d'xV^e{^,;u-: + R,uC +I^{UJ,A,C;,, + U2J'X,C,^) 

+ y d^x^g-c{c, + k((?Ma),^ + e'-^AM));^ (120) 
A new one-loop term in the effective action of order is by f lllSp : 

4^'''/ '^'^v^ / ^^Vv^< (V;'^-^/i^;;.)(x)(/iAv;^'-^/i"'p';A')(^') > 
< {uiA^A",, + a;2J^"^A,)(x)(a;i^^'A^';y + waJ^^'^' > • (121) 

01211) is expressed in the proper time representation and the Ward identity 
fB7|) is applied, disregarding the last term containing the Einstein tensor. 
Then ([M]) is: 



-i- — K^ / d^x / / rrfr / (if(/igh_A'/,(x',x; -tr).p//' + i^AvV-'^Vl^''^; -^^)) 
J J Jo Jo « a 

(a;M''(a;)^^'(a;')/i'''"'''(2^,a;'; (1 - t)r).,.y + a;2jr-M(s)J^^'^'(x')/i^.v(x, x'; (1 - t)r) 
+2uJiUJ2A''{x)J^^'^' {x')h^ ^y{x, x'; (1 -t)T);") (122) 

containing two terms by ( l43l) -(l44l): 

f d'^x f d^x' I dr—T f dth„i^ X' uix' , x; —tr) 

2a J J Jo 9t Jq ' a 

{ulA''ix)A^'{x')h^^''^'{x,x'; (1 -t)r);,;y +a;2j^"^(x)J^^'^'(x')/i^.v(x,x'; (l - t)r) 

+2uiU2A''{x)J^^'^' {x')h^ ^y{x, x'; (1 -t)r);") (123) 

and: 

ii/t^y d^'xy/^g'^" < iu^A^A\,x+UJ2J'x^.A^)ix)iLo^A,AP.p+U2J'p,AP)ix) > . 

(124) 

f ll23p contains an integral of a total derivative in the proper-time variable r 
in the same way as fllOOp and only has quartical and quadratically divergent 
terms, and it should be disregarded formally; its gauge parameter dependence 
is not removed through the Vilkovisky construction. Also we get from flll9p : 



1 1 

'2a 



J d^x^g^""" < {uiAi,A^;x+0J2J'xt.A^){x){uJiA,AP,p+U2J'p,AP){x) > 
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that cancels f lT^ . 

Also there is a cross term from (!74|) and (11181) : 

-i^K^ j <fx^/^ j d^x' ^/^' < {h^y.^ y.^){x)hx'f>i{x) > 

F'^^{x){g^''<y^''' - < A„{x)F,,s'{x) > . (126) 

Here the proper time representation again is used, combined with the Ward 
identity (H7|) with the term containing the Einstein tensor disregarded, with 
the result obtained by partial integration: 

—i—K^ J d'^x J d'^x' J rdr j dthgh^pi^{x' , x; —tT)J''^'^(x)J''' ^ (x) 

{h^.s'{x,x'- (1 - t)r).^'.y - /i^^'(xi,X2; (1 - t)T),s'-n') (127) 
with two terms by fl79|) and flHOj) and the Ward identity (l83l) : 

- — K^ [ d\i [ d^X2 I dr-^T [ dtKi,p,Jx',x;-tT)J^''''(x)J^p'^'(x') 
a J J Jo or Jq ^ a 

h^^S'{x,x';{l-t)T) (128) 

and: 

— / d'^x I drhgii pJx,x; —t)J^(j^{x)J-''"^{x) 
a J Jq ' a 

-i^K^ [ d^x I d^x' [ Tdr [ dtKi,p,Jx',x;-tT)T''^'(x)Tf'^'(x') 
ap J J Jo Jo a 

h{xuX2;^{l-t)T).^.s'. (129) 

(11281) is again an expression like (llOOp . containing a proper-time integral of 
a total differential. 

From the ghost action (11201) one gets the new one-loop contributions to 
the effective action: 



1^ k: 



d^xA'^ix) [ d^x' [ Tdr [ dth{x,x';^).p.f.''' 
J Jo Jo v/3 ' ' ' 

{A^'{x')hgh^yfi{x', x; J^'^ );u' + A'; ^' (a;) /igh.A'^* (a^' , x; S'^ )) 



I d'^xAp,{x){A^ {x')hg\^^x'^l{x' ,x- ^ 



+A';^'(a;')/igh,Av(a^',x; ^^—^)),''' U^^, 

A/a 

-^^2 f d^xA^u) [ rfV r dr-^T [\th(x,x'-^).''' 
A/a J J Jo dr Jq f5 ' 

{A^'{x')hgh,x'^{x',x; ^^—^).y+A^',^'{x')hgi,^yp,{x',x; ^^—^)) 

\ OL \ OL 



(130) 
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and: 



— K^ / d^xJ^P^'(x) 



/•oo Q r-l 

d'^X2A\i{x) I dr—T / dth(x,x'; 

Jo OT Jo 



1^, 



a J J Jo OT Jq yjp, 

(131^ 



by ( 18T|) . which again are of the same type as fllOOl) . with a proper time integral 
of a total derivative. The final effective action term arising from fll20p is: 

— -^K^ \ d^x I drhgi^ pJx,x; —=t)J'i^'^{x)J'P'^{x) 
\/oL J Jo ' va 

[ d^x [ d^x' [ rdr [ dthg^p,^{x',x;^tr)T'"'{x)J^P'^'{x') 
\/ap J J Jo Jo ' 

h{xi,X2]--j={l-t)r).^.^>. (132) 

In fll29p and fll32p one can introduce new variables ri = tr and T2 = (1 — t)r. 
Then the two expressions cancel formally by rescaling of the variables r, Ti 
and T2. However, this argument is invalidated by quadratic divergences. This 
is similar to the imperfect cancellation between ( l53l) and ( l55l) and between 
dHED and dHHD. 

The additional terms in a general gauge are (112 ip . (I125p . (I126p . (I130p . 
(I13ip and (I132p . where the three first terms are modified into the sum of 
(I123p . (I128P and (I129p . Formally the sum of these expressions vanishes, but 
in the proper time representation with the proper time integrals regularized 
by a lower cut-off the vanishing of the sum is upset by quartic and quadratic 
divergences. The values of ffT23l) . ffT28D . ( 11301) and ffT3TD and the difference 
between (I129P and (I132p are all determined in Appendix A. 

When using the Ward identity f H7|) we have disregarded the term on 
the right-hand side containing the Einstein tensor Q'^'^. When including this 
term in the calculations reported in this section and also terms of fourth 
order in k one generates new terms of the effective action containing one 
power of the combination Q^'^ — T'^'^, with T'^" the background gauge field 
energy-momentum tensor. The gauge parameter dependence of these terms 
is removed by the Vilkovisky construction in next-lowest order. The calcu- 
lation is lengthy, but is important for the use of the Landau-DeWitt gauge 
condition; an outline is given in Appendix B. 
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5 Momentum space integrals 

The flat-space propagators in D dimensions are: 

/d^k ■ I —i / 2 
___^tk{x-x ) _ ,^ [gt^ygup' + guyg,,p' - ^ _ ^ g^ugx'p' 

-(1 - a)^{kf,kx'gup' + k^kygpp' + k^kpig^x' + k^kpig^x')^ (133) 
as well as: 

<A,{x)Ax\x')>= /(0j^^'^^"^'^^^(^M'-(l-/3)^fc.^A') (134) 
and also: 

< U^)U^') >=^j (Cp^^'^^'^'^fc^^-' ^^2^) 

with the Ward identity: 

< (a'^V - \duh\){x)hx'p\x') >= -v^ < {dx'^p' + dp,^x'){x')U^) > . 

(136) 

At D = A one gets from f l94|) when converting it to a momentum space 
integral: 

+ (1 - l)»f^ I / ^-^"'W'^)- (137) 

Here was used: 

/ (S5/(*')*.^V ^ ^ / (138) 

with f{k'^) arbitrary, where possibly D' ^ D for quadratic divergences. In 
[T2] and [I3] it was argued that the value D' = 2 should be used. Also one 
gets from (!96|) for D = 4: 

- r'^' - ' /''w.^(-) / (139) 

The sum of (11371) and (I139p at general D' is: 

(3 - 2a)(-l - \W I / rf^x^-(x)-F,.(x) (140) 



in agreement with Tang and Wu |13j . 

(I140p vanishes at D' = 4, and we have thus reproduced Pietrykowski's 
result [4j, that the linear divergences of the effective action cancel for all 
values of a. Taking instead D' = 2 one gets from (11401) : 

\{3 + a)K^ [ / rf'xJ^^"(a:)J'^.(x). (141) 



4' 'J (27r)4p-ie 
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in agreement with He, Wang and Xianyu JT2\. 

f ll40p is considered in connection with (!64l) converted to a momentum 
space integral with the replacement Q'^'^ — )■ Q^'^ — T^'^, where T^'^ is the 
background gauge field energy-momentum tensor, and from which one gets 
at D = 4: 

- ci^nA^) / (142) 

where the sum indeed is independent of a: 

- ]y I ft , • [ d'xF^^{x)F,.{x). (143) 



D' 4' J (2^)4 P-ze 

The contributions arising from the Vilkovisky connections ( ITTl) and f lll4p 
are, keeping in mind that the propagators are transverse: 

- \y [ d^x7^^7,A^) [ t^tA: (144) 



^D' 4' J M-v / J (27r)^P-ie 

and: 

(i, - i,^ / .''.^-^..(.J / (145) 
in agreement with Tang and Wu [13]. The sum of (US]), ( IT4i|) and f lTiSj) is: 

l'^ - (146) 

Here a cut-off A is introduced in the momentum integral: 



^ (147) 

(27r)4p-ze leP ^ ^ 

and the sign of the coefficient in (11461) indicates at < 4 asymptotic free- 
dom. At = 4 there is no effect. 

In fiat space and through use of direct momentum space integration with- 
out use of the proper time representation the contributions in general gauges 
with gauge parameters ui,U2 can be arranged to cancel out. (11211) and (11251) 



cancel each other, and here also (I126p cancels with (11320 . converted to a mo- 
mentum space integral. In both cases the cancellations take place through 
the Ward identity (11360 . which must be kept valid in the regularization pro- 
cedure. The expressions corresponding to (11300 and (I13ip vanish separately. 

Momentum space integration seems better off gularization pro- 

cedure compatible with the Vilkovisky construction than the proper-time 
representation with a lower cut-off in the proper time integral. On the other 
hand, the proper-time representation allows a direct verification of the re- 
moval of the gauge parameter dependence from the finite and logarithmically 
dependent part of the effective action. Thus a cut-off procedure should be 
chosen for the proper-time integrals that is modeled after that of momentum 
space integration. 
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6 Conclusion 

The following new results have been obtained in this article: The Vilkovisky 
construction was reconsidered and criteria for the applicability of a regular- 
ization scheme in this context were found. Also, the proper-time represen- 
tation of the effective action of one-loop quantum gravity was constructed 
for general gauges, the gauge parameter dependence was investigated, and 
it was found that the Vilkovisky construction removes from it the finite and 
logarithmically divergent part but fails to do so from the quadratic and quar- 
tic divergences, and these conclusions were extended to the Maxwell-Einstein 
system. Using momentum-space integration in fiat space instead it was found 
that these defects could be remedied for the Maxwell-Einstein system, sug- 
gesting that a modified cut-off procedure of the proper-time integrals should 
be chosen. 

Acknowledgements: I am grateful to Professor Francesco Sannino for or- 
ganizing a meeting, which triggered this investigation, on the occasion of 
my retirement, and to Professor Bo-Sture Skagerstam for a very inspiring 
correspondence. 



A Heat kernel expansion 

The ghost heat kernel defined by fj43l) and (jHj) has the expansion |llj : 



-I 1 , <T . 1 



/igh/.5'(x,x';r) = Ye^Ta^'"""^' ^an,ght,i'{x,x'){iTY (148) 



n=0 



where a is the geodesic interval between x and x' and A is the so-called Van 
Vleck determinant. At coinciding points one has: 

R 

f^O,gh,/ii/' (2^) 2; ) ^-x dfJ-fi 1 Q-ljgh,/^!^' ('^j ) Iz'— '^9l-iu R^U' (149) 

For the scalar heat kernel h{x, x'; r) defined by (IHT!) a corresponding expan- 
sion applies, with: 

R 

ao{x,x') \x'^x= 1, ai{x,x') \^'^^ - — . (150) 



Also: 

(7;A;p' ^ -gXp' (151) 

for ~ x. Hence it follows from fll48p : 
hgh^,^'{x, x'; T),x,p, = 32^2^3 ^'^^^ Yl (^n,gh^,^' {x , x')(ir)" + ■ ■ ■ (152) 

n=0 
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where the remaining terms vanish at coinciding points. The graviton heat 
kernel h1^^^^,^,{x,x';T) is by §2) and ffM : 

—i 1 ■ u 1 

h"u,^'rj'{x,x';T) = Y^^e'^A2{a{gf,^>g^r,'+g,,v'9ui')-9tiiy9ti'v') + ---- (153) 
The leading divergence of at a = 1 is determined by the quantity: 

(hps'ix^x; (1 - t)T);A;y - /ijjy(x,x'; (1 - t)T).x;5' - hlp,{x,x'; (1 - t)T).p.c,' 
+h1y{x,x'; (1 - t)T).p.s') 



a" 



{9p59\i - 9x59 pi) (154) 

where the evaluation for simplicity can be carried out in flat space by Fourier 
transformation. In f ll04p one encounters: 

1 

d^x / tdthghae'{x,x';t—T)J^'^''^{x) 
Jo oi 

ihps>ix,x'; (1 -t)T).y.^/ - {1 - t)T).s';ri') 

-9{9i'v'^i'5' " 95'ri'J^i'Y){x') (155) 



4 167r2r3 

where the evaluation again most simply is carried out in flat space. 

The effective action in a general gauge in the heat-kernel representation 
also contains the nonvanishing expressions f ll23p . f ll28p . fll30p and fll3ip . 
They all contain a total derivative in the proper time integral and vanish 
in a formal sense in the same way as f llOOp . Nevertheless, they contain 
quartic or quadratic divergences. Also the effective action contains f ll29p 
and fll32p . which cancel formally, but in fact have a quadratically divergent 
sum depending on the gauge parameters. The evaluation of these quantities 
is sketched below; the calculation is most simply carried out in fiat space and 
leads to the following intermediary results: 

/d^x' I dthgt^rifi'{x, x'; —tr)J^^ ^ {x')hya{x' , x; (1 — t)T) 
Jo ' <^ 

^-^«(3 + /3)Y^^,/3(x) (156) 

and also: 

d^x" [ rft/igh,^A"(^, a;"; -tT)A^"{x")h{x", x'; hi- t)r) 

-"^lei^^-^^^ ^^^^^ 
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that implies: 



1 1 „ 1 

d'^x" I dth„\i n\ii{x,x" ] —tT)A'^ {x")h{x\x ] —{1 — t)T) ^ 

a p ' 







--a/3 — '—A.^'ix). (158) 



fll23p is by the Ward identity ([H3D the sum of three terms: 

— - — f d'^x f d'^x' f dr—T f dth„h yJx' ,x; —tr) 
2 a i J Jo dr Jq ^ ' a 



'0 ^' JO 

J^''^{x)T^'^'{x')h^^y{x,x'; (1 - t)r) 



by (11561) . and also: 

/d'^x f d'^x' f dr—T f dth„]^ y Jx' , x; —tr) 
J Jo dr Jo ^ ' a 



(159) 



UJ1UJ2 2 



A''ix)J^^'^'{x')h{x, x'- hi - t)T), 



2 

by ffT58il . and finally: 



^l3ujiU2j^^ Irco j t^'x^^^^A,M(a;) (160) 



- — K^ [ d'^x [ d'^x [ dr-^T [ dth^h \i Jx , x; —tr) 
A^ix)A^' {x')h{x,x';^{l - t)T).''.^ 



i-— — K J dxj dx J "'^^^ y dthgh^^2^^{x2,xi;-t 



A^{x)A^'ix')h{x, x'; ^(1 - t)r) 



I d'^x / dT — h^\i^^y{x,x]—T)A'^{x)A''{x) 
J Jo ^'^ ' 

^/?(a + /3)^?Y^:^ y rf'xv^^M^(x) (161) 



2 

by (11571) . where only the quartic divergence was kept. 
The value of (^U^ is by (fT56D : 



^(3 + /3)a;2^^ |,^o J d'^x^T'^'^J^^^ix). (162) 
( I130p contains two terms: 



-^k"^ f d'^xA^(x) f d'^x I dr—T f dth{x,x' \ —=)■" 
J J Jo dr Jo ' 
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\/cx 



2" 167r2 T 

by ffT58D . and: 



^ "Puji-^- 1.^0 / (i'xv^A,^-^^' (163) 



a J J Jo dr Jo 

h{x, x'; ^).y.''' A^' {x')hg^^y^l{x' , x; ^'^ ) 
VP V 



~ ^P{a + P)uji^^ 1,^0 y (i'xv/=^^M^ (164) 

cp. f ll6ip . where only the quartic divergence was determined. 
<^m) is by ([I5HD: 

- -^U2-^- 1.^0 / (i'xv^A,^^^^ (165) 

We then consider f ll29p and f ll32p . using flat space heat kernels. The flrst 
term of f ll29p has the quadratic divergence: 

"'^a-^^- Ir^o I d^x7^''7^,,{x) (166) 
167r"^ T J 

while the second term of (I129P is evaluated by means of (11570 which implies: 

! d^x" [ dthgi,,^y,{x, x"; -tT)J^^"p"{x")h{x", x'; hi- t)r),p..y 
J Jo ot p ' ' 

~ -^a/3(a + P)Y^J'^^-'i^) (167) 
and so the second term of (I129P is: 



ha + (3)U2-^- 1.^0 / c?^xJ-^^J-^,(x). (168) 
4 16-yr"^ t J 



The value of (I132p is obtained from (I166P and fll68p by changing sign and 
replacing a by y/a and /3 by 

B The Vilkovisky construction in next-lowest 
order 

In the Landau-De Witt gauge we require that the gauge condition f l25]) is 
chosen such that only the Christoffel connection coupling term ( !24|) survives 
in (122|) . For the Maxwell-Einstein system the form of this gauge condition is: 

X = Xx = (169) 
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with: 

X = -^gA,-!^ (170) 

and: 

XA = -v^(/^Am;'^ - + ^^{A^■!'Ax + ^^a^'')) (171) 

which is the gauge condition (]117p with wi = W2 = 1 (the sign is unimpor- 
tant). However, it was shown that the Vilkovisky construction of quantum 
gravity is sufficient to remove the dependence of the effective action on the 
dependence on the gauge parameter a, and also that the additional terms of 
the effective action in gauges with general values of the gauge parameters l>J\ 
and ijj2 formally cancel. One has to conclude that the Landau-DeWitt gauge 
appropriate for the Maxwell-Einstein system effective action taken to second 
order in KTp^y is the same as that of quantum gravity, which is obtained by 
taking k — )■ in fllTip . while the Landau-DeWitt gauge condition obtained 
from (11711) itself only is relevant to fourth order in KTp,v. That this is indeed 
the case follows from a detailed examination of the terms of (1221) in this order 
of Maxwell-Einstein theory. 

The Ward identity corresponding to (1151) is ffist determined. The graviton 
field two-point function < h^y{x)h^/fjr{x') > is related to the heat kernel 
^'^u,^'ri'i^^ x'; r) through (!65|) and the ghost two-point function < C^{x)$,y{y) > 
is expressed through the heat kernel h^\^^^^^i {x , x' ] t) in (!70l) . (HTj) implies by 
(165|1 and (!70|) the Ward identity (fT5|) specialized to quantum gravity and 
relating graviton and ghost two-point functions, cp. 



< (V; - \h^^',y){x)hxp{y) -Va < (^a;p + ^p;\)iy)^uix) > 

+2v^ J <fw^ < Sr{w%{x) > g'^^w) < {2K^,5 - K5;.){w)hxp{y) > ■ 

(172) 

In the same way one gets from fH9|) . using also fj47j) with the term involving 
the Einstein tensor disregarded: 

d 

~ I j (iV'v^ < + e.;^)(a;)r"(x") X (^Av + ip';y){x%"{x") > . 

(173) 

If the Ward identity (11721) is used with the second term on the right hand 
side included, and the replacement Q^'^ — )■ Q'^" — T'^" next is made, additional 
terms arise from (11211) and (I126p : 

^k' J d'x.^.g^^''^ j d^x^V^g'-'"' J d'w^g < ^''{w)^,M) > 

< (c^iAiA^^p, +U;2J^pi.iA''')(a;i)(^lA.A'";P2 +C^2J^P2.2^''')(2:2) > 

(174) 
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and: 



a 

(175) 

These expressions are partially of fourth order in k and in the background 
field Afj,. The presence of these fourth order terms can be proven directly by 
a lengthy calculation. 

N"^ now has components at first order in ft;: 



At second order (163!) is modifid to: 



(176) 



V a a J J 



Ux,iw,z)T''^{z)<^,){z)Uy)> 



(177) 



where Hxp was introduced in flllOj) . 

The projection operator is unmodified in lowest order but gets an 
additional term at second order in k: 

= —i^^'^V^ j d^w j d^z < {i^,^ + i^,^){x)C'{w) > ^v^^7«(^) 



'178) 



A mixed projection operator is by fl73|) and fll76p : 



I rf4^n/(x,^)^v^J-.,(^)^<r(^i;)i(eV + e;'-i7'''e.r)(2/) v^. 



(179) 



In the Vilkovisky construction new terms of order k"^ in f l22p originate 
from: 

Ijd'xj d'y I d'z I d'w I d\ I rf^t^,,,,(.)i?'^-(^)€.(,),.,,(.)iV^-(^)«-('") 
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+^ J d'x j d'y J d'z j d'w J d% j 

(180) 

and: 

IJd'xJ d'y J d'z j d'w J d\ j dH j rfV5,,^^(.)i?^-(^)^„(,),,,^(,)iV^-(^)?^(-) 
+ 1 j d^x J dS j d^z j d^w j d% j dH j dV5,,^,(,)i?'^-(-')^^(,),,,^(,)iV«-(^)«'^(-) 
+1 j d'x j d% j d\ j d'w j d\ j dH j 

(Ar?"fe)?^(-)i?^c(-)^^(^) + N^-^y^<^^R^^^''\i^))GA,iu)A^it) < A^{t)h,s{r) ^U^^^^^\^,^r) 
+i I d'x I d'y j dH j d'w I d% j dH j 

(iV?"to)«-(-)i?^eW^^(^) + N^-^y^<^^R^^^''Hi^))GA,iu)A^(t) < A^{t)A^{r) >^ ^11^^^^'^^^^). 

(181) 

These expressions are now analyzed and shown to cancel with fll74p and 
f ll75p : also it is shown that they vanish, if the Landau-DeWitt gauge condi- 
tions fll69p are imposed. 

The parts of f ll80p and (118 ip involving the graviton correlation function 
< haii{t)h^5{r) > at second order in k constructed by means of the couplings 
( !7i|) and (176|) involves two factors S^h^„ the argument amounts to using 
(I172p with the replacement Q^'^ — )■ Q'^" — T^^ in the second term on the right 
hand side. Consequently these terms are disregarded in the approximation 
where only one derivative of the classical action is kept in fl2^ . 

There is an extra term in fll80p from the second order term of fll77p : 

^^Av^y d^X^ j dS j d^W j dHy/^y/^ig^"" -T'"')ix) 

< {Kr-: - ^/ir";.)(?/)( + Kxi"" + i''Ku;x){x%{w) > J^''\w) 

U,piw, z)T^P{z) < Uz)tiy) > (182) 

that vanishes in the Landau-DeWitt gauge to order since the additional 
term in fll7ip makes the expression 0{k^). The corresponding term of (118 ip 
vanishes. 

In (I180p and (I18ip the following combination is present: 



d^'w j dMN^^^'^^-^'"^R^'^''\.M + N^^^'^'''^'^^R^'^^^ 

-i^K [ d^wA\x)nx^,ix,w)j^'"'iw) < CpHUy) > (183) 
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and thus one gets by (11791) : 

- j d^x^ j dS J d^w j dH{g'"'{x)~r''')ix) 

(< ^vA^)LH >< CA^)Uy) > -Rv^.^^) < C{x)Uw) >< ^H^)Uy) >)• (i84) 

In fflSTD one gets by ffTTHj) : 

j d'w j d\ j dHW^-^^\^i^^^G^,,^p{w,uY^g < K(,{u)K^{t) v^n^^-^^) 



— J- IK 



-g j d^w j d^z^g j d^^gJ^^'^iw) < Uyj)U^) > U,,{w,uy^J^^^{u) 

<Uumx;P + ^P;x)iz) > ■ (185) 
Also one finds in (fTHT]) by (072]) : 

j d^w j d^u J dHR3^^^^\^(,)G^^^^p{w,uf^g < Kp{u)A,{t) >^ V^W^^^^^ A,(t) 

<Uu){L;p + ^p;x){z) > (186) 

where the correlation function < Afj^{x)hxp{z) > was formed by means of the 
coupling ( ITill with the splitting ( l92l) . and f ll86p cancels with f llSSp . 

Other higher order terms constructed only by means of the coupling (1741) 
are next considered. Using f ll83p one gets by f l33|l : 

J dS J dh J d^w j d\ j dHR''-'^^^\^(^y),h,,i.) 

^ j d'y j d^w j d^uJ^^^yY^W^iy^wY^g < A,{w)F^^{u) > 



(187) 



(I187p contributes to the effective action through (I180p : 

--^K^y d^x^ j d^y j d^w j d'^uy/^iG'"' -r'"')ix) 

j'Uy)'V^'n''^iy,wYV^ < a^{w)f^,{u) > 

^g^^pPr, _ ^^-^^C.)(^) < Kp{u){h,xe;u + \eKu;x){x)i^{y) > 



(188) 
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with the gauge dependent part by fll73p and (11121) : 

Yi^,{w, z)T^<^{z) < U^)t{y) > (189) 
that cancels with ([1821) . Also (fTSTD contains, cp. (fTSSD : 

--^At^y d^xv^ y A y ^^^^^ y ^^^^ y rf^tv^(^''''-T'''')(a^) 

(190) 

with no gauge parameter dependence, keeping in mind that the normalization 
of the ghost propagator involves the gauge parameter a. 

All dependence on the gauge parameters a and 13 cancels out so far. We 
then turn to terms constructed also from the coupling ( IllSp . 

With two couplings (IllSp one gets: 



d^w j d^uR^^^^'"\^(^)G^rj,ai3iw,u) < Kp{u)h^5{y) > 

< i^r,s + ^S;j)iy)U^) > (191) 
which does not contribute to (I18ip . while its contribution to (I18UI) is: 

-K^ [ d^xy/^igf"" - T^'''){x) 
a J 

j d^y^/^ y d^w^K {LOiArA^.,^ + U2J'nrA''){y){ujiA''A',, + L02rPA,){w) > 

(< ^xA^)U^) X eAx)Ciy) > -K^.xu{x) < eix)Uw) X e{x)Ciy) >) 

(192) 

and ( 1T92|) cancels with (lT7i|) . Also (|T92l) cancels with (|T84l) for U2 = 1 and 
a transverse photon propagator (Landau-DeWitt gauge). 

By ( 133|) and ( 11830 one finds, forming the two-point correlation function 
< Aa{t)hxp{z) > by means of the coupling (11180 : 

y d'y I d'z j d'w I d'u j 
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(< {^,;X + ^X;,){X)U^) X eA^)C{y) > + < (e.;A + ^X;u)ix)Uu) X e';^!^)^!?/) > 

+ < {^,;u;X + ^U;,;X){X)U^) >< ^^(x)^!?/) >) (193) 



contributing to (11801) and the trivial part of (I18ip . where only the term 
5^^^\xp) of the projection operator U^^p^^^^^i^x) is kept: 

a J 

j dS^g j d'w j d^^g^^M^V^g^'^^iy.y^YV^g < Ar{w)A^{u) > T'^^iu) 

(< ^xAx)U^) X eA^)tiy) > -R\xu{x) < Ux)Uu) >< e{x)t{y) >)• 

(194) 



Also using both the couplings f rM|) and (11181) to form a graviton two-point 
correlation function of second order in k one gets: 



d'^w / d\R^^^'''"\^(^^)Gi:r^^a(3{w,u) < Kp{u)h^5{y) > 
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-g j d^w j d'z < > J^'^'iwyV^U, 



< {^a;P + ^P;a){y)^^{z) > 



, ■ ^2 2 

'a 



X] 



(195) 



contributing to (I180p and the trivial part of (I18ip first: 

2^2 2 



1 



d^W^g < hrp{w){h^xt;. + 7;^%u;x){x)e{y > 



(196) 



canceling with 0175p . For cj2 = 1 and a transverse graviton propagator 
(Landau-DeWitt gauge) (11961) cancels with (11881) and (I190p . One also gets 
from (I195p the following contribution to (11801) and the trivial part of (I18ip : 



-2w2«;' j d^x^/^igf^" - r'"')ix) 



d'^w J d^z < CxHU^) > T^^iw)^V^nUnJ,z)^^T''^iz) 

;< ^xA^)U^) X eA^)C{y) > -R\xu{x) < U^)Uw) >< e{x)C{y) >)• 

(197) 
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f llSip also contains contributions from the nontrivial part of the projection 
operator ( 169|) and from (11791) and involving the coupling flllSp once. After 
some calculation one finds that they cancel with (11941) and (11971) . 

To summarize, a proof on the formal (non-regularized) level has been 
sketched in this appendix that the Vilkovisky construction given by (12 2 p 
makes the effective action of the Maxwell-Einstein system gauge parameter 
independent at the one-loop level and at next-lowest order in the gravitational 
coupling constant k. In the course of the proof it was found that the Landau- 
DeWitt gauge given by (I169p . (I170p and (I17ip and with also the 0{n) term 
included in (I17ip makes the expressions (I180p and (I18ip vanish, i.e. both 
the terms of ( 122|) not involving the field space connection, in contrast to 
the lowest order calculation, where the terms of the gauge condition (I17ip 
involving only the field hf^i, are sufficient for this effect. 
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